The Kepler Mission has detected dozens of compact planetary systems with more than four transiting planets. This sample provides a collection of close-packed planetary systems with relatively little spread in the inclination angles of the inferred orbits. A large fraction of the observational sample contains limited multiplicity, begging the question whether there is a true diversity of multi-transiting systems, or if some systems merely possess high mutual inclinations, allowing them to appear as single-transiting systems in a transit-based survey. This paper begins an exploration of the effectiveness of dynamical mechanisms in exciting orbital inclination within exoplanetary systems of this class. For these tightly packed systems, we determine that the orbital inclination angles are not spread out appreciably through self-excitation. In contrast, the two Kepler multi-planet systems with additional non-transiting planets are susceptible to oscillations of their inclination angles, which means their currently observed configurations could be due to planet-planet interactions alone. We also provide constraints and predictions for the expected transit duration variations (TDVs) for each planet. In these multi-planet compact Kepler systems, oscillations of their inclination angles are remarkably hard to excite; as a result, they tend to remain continually mutually transiting (CMT-stable). We study this issue further by augmenting the planet masses and determining the enhancement factor required for oscillations to move the systems out of transit. The oscillations of inclination found here inform the recently suggested dichotomy in the sample of solar systems observed by Kepler.
INTRODUCTION
The Kepler mission has discovered a large number of compact extrasolar systems containing multiple planets that can be observed in transit (Lissauer et al. 2011a; Batalha et al. 2013) . Roughly forty of these such systems have four or more planets. The inventory of these four-plus planet systems includes mostly super-Earth sized planets, which have radii RP = 2−5R ⊕ and orbital periods in the range 1 -100 d. Moreover, the orbital periods of the planets within a given system are regularly spaced (roughly logarithmically uniform in period or semimajor axis). Because all of the planets were observable by Kepler at their times of discovery, these systems have an additional stringent dynamical constraint: they must have retained a relatively narrow spread in their orbital inclination angles. On the other hand, orbital inclination can often be excited in close-packed planetary systems. The goal of this paper is thus to explore the oscillations of orbital inclination within solar systems of this class. Excitation of inclination can be driven by a variety of mechanims, incluing unseen additional companions, perturbations from stellar encounters in clusters (Adams & Laughlin 2001; Li & Adams 2015) , and self-excitation through interactions among the observed planets. This paper focuses on this latter mechanism.
Slight deviations from true coplanarity in these systems (e.g., as observationally supported in Rowe et al. 2014; Lissauer et al. 2011b ; and others) allow for the possibility of oscillations in the inclination angles of the planetary orbits, e.g., due to secular interactions between the planets (see also Van Laerhoven & Greenberg 2012) . If such oscillations were common, and had sufficient amplitude, then not all members of a solar system could be seen in transit at every epoch. As a result, multi-planet systems would display evidence for "missing" planets, i.e., exceptions to the (roughly) logarithmically even spacing of orbits that are often observed. The ubiquity of this class of exoplanetary systems places strong constraints on both their architectures and dynamical histories (see also Chiang & Laughlin 2013) . We note that the inclination angle oscillations for Jupiter and Saturn in our own solar system are large enough to periodically move the orbits out of a mutually transiting configuration.
Statistical analyses of the Kepler system architectures suggest that there could exist two distinct populations of planetary systems (Ballard & Johnson 2014; Morton & Winn 2014) , namely, a population with single-transiting planets and an additional population of multi-planet systems. The existence of these two distinct populations could be explained by either two true distributions of solar systems (e.g., created by two different formation histories) or a single distribution in which some systems exhibit a high degree of scatter in orbital inclination angles. Excitation of inclination in nearly coplanar systems could shift some planets out of a transiting configuration, thereby leading to the population of single-transit systems. In this case, the single-transit systems would be a subset of the multi-transiting group rather than a distinct population.
This paper explores possible oscillations of the inclination angles in compact extrasolar systems. The measured planetary radii RP = 2 − 5R ⊕ imply planetary masses MP = 4 − 30M ⊕ , where we use a conversion law based primarily on the probabilistic mass-radius relationship derived in Wolfgang et al. (2015) :
, σ = 1.9
where M refers to the mass of a body, R its radius, and this expression represents a r 1.3 scaling law with a normal distribution of scatter due to potential planetary composition variation. The Wolfgang relationship describes the a distribution of the potential masses for planets in the range RP = 1.5 − 4R ⊕ . Since a small number of planets in our sample lie outside these bounds, we supplement the Wolfgang relation in two ways: for planets with radii RP < 1.5R ⊕ , we supplement with the rocky relation from Weiss & Marcy (2014) ; for planets with radii RP > 4R ⊕ , we determine starting density using the Wolfgang relation, then add a scatter and choose a radius anomaly to account for varying core masses and inflation due to thermal effects . Of the 208 planets in our sample, only 9 fall above the regime described by the Wolfgang relation. With relatively large masses and close proximity, planet-planet interactions can be significant. On the other hand, these planetary systems orbit relatively old stars (with ages of ∼ 1 − 6 Gyr, weighted toward the lower end of this range; see Walkowicz & Basri 2013) , so that they are expected to be dynamically stable over ∼Gyr time scales. These systems are also generally non-resonant. These considerations -significant interactions coupled with longterm stability and non-resonance -suggest that the planetary systems are subject to secular interactions (Murray & Dermott 1999) . In the present context, we are interested in secular oscillations of the inclination angles of the orbits. If such oscillations have sufficient amplitudes, the resulting spread of inclinations angles in the system will sometimes be large enough that not all of the planets can be seen in transit. When observed in such a configuration, the system will appear to have gaps in the regular spacing of planetary orbits that these systems usually exhibit. The goal of this paper is to understand the amplitude of self-excitation of inclination angle oscillations and provide limits on transit duration variations, an observable with amplitude directly related to inclination evolution over time, for observed Kepler systems with no unseen companions. This analysis will allow future observations of transit durations for these systems to inform the presence of massive outer companions in these systems.
We note that spreads in the inclination angles can be produced by a variety of astronomical processes. This work will focus on secular oscillations of the inclination angles by the compact solar system planets themselves (with semi-major axes a < ∼ 0.5 AU). Future work will focus on the effect of possible additional bodies in the outer part of the solar system (where a ≈ 5 − 30 AU), roughly analogous to the giant planets in our outer Solar System.
We stress that oscillations of inclination angles are not rare. Within our Solar System, for example, the orbital inclinations of Jupiter and Saturn oscillate with a period of about 51,000 years and an amplitude of about 1
• (see Figure 7 .1 in Murray & Dermott 1999) . The inclination angles of the two orbits coincide every half period (25,500 years), so that an observer oriented in that plane would see both planets in transit at that epoch. However, the amplitude of the oscillation is sufficient to move both planets out of transit for an appreciable fraction of the secular cycle.
This paper focuses on the case of self-excitation of inclination angles for Kepler systems with four or more planets, where the secular dynamics of such systems are considered in Section 3. An analysis of the observed compact, mutually transiting systems is presented in Section 3.1, which shows that the systems are consistently mutually transiting over time. An orbital architecture that is continually mutually transiting is denoted here as CMT-stable (which should not be confused with dynamical stability). We consider a generalized class of systems in Section 3.2, and study compact systems which have been discovered to host an additional non-transiting planet in Section 3.3 (where these systems are shown to be more active). We also compare these results with numerical simulations in Section 3.4. Section 4 presents observables for the compact Kepler systems discovered to date; specifically, the transit durations are predicted to vary and the magnitude of these variations are determined. In Section 5, we study the stability of the observed Kepler systems by considering how the predicted oscillation amplitudes would vary if planet masses are scaled upward: the systems are found to be remarkably dynamically stable. The paper concludes, in Section 6, with a summary of our results and a discussion of their implications, as well as a statement on our plans for future work.
SECULAR THEORY FOR INCLINATION ANGLES
To evaluate the behavior of mutual inclination for these isolated systems, we apply Laplace-Langrange secular theory (Murray & Dermott 1999) . This formalism allows the use of the longperiod terms of the disturbing function to describe orbital motion over many secular periods.
Review of the Theory
We expand to second order in inclination and eccentricity, and first order in mass. With this expansion, inclination and eccentricity are decoupled, so we can write the disturbing function as c 2015 RAS, MNRAS 000, 1-14
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where j is the planet number, n is the mean anomaly, I is the inclination, ω is argument of pericenter, and Ω is the longitude of the ascending node. The coefficients Bij are defined by
Rc aj
and
where J2 and J4 describe the oblateness of the central star (which we set to be = 0 in all our analysis), Rc is the stellar radius, m k indicates the mass of the kth planet, Mc denotes the mass of the central star, α jk denotes the semi-major axis ratio aj/a k , andᾱ jk denotes the semi-major axis ratio aj/a k < 1. The quantities b
3/2 is the Laplace coefficient, which is defined by
(as given in Murray & Dermott 1999) . All of the coefficients B jk can be considered as frequencies that describe the interaction between each pair of planets, and are elements of the matrix denoted as B. This application of secular theory allows us to evaluate the problem analytically, but neglects higher-order terms. In this formulation, the only terms in the disturbing function are those that do not depend on the mean longitudes, as we assume that the short-period terms average out over long timescales. The coefficient matrix B describes inclination evolution. Solving for the matrix elements of B allow us to determine the time evolution of inclination. The matrix B defines an eigenvalue problem (Murray & Dermott 1999) , where the eigenvalues describe the interaction frequencies between any pair of planets. The eigenfrequencies of this matrix, denoted here as fi, along with the eigenvectors I jk , can be used to describe the time evolution of the system. Given the matrix B, we can solve for the eigenvalues and eigenvectors using standard methods. With these quantities specified, we also need the initial conditions to specify the full solution for the time evolution of the inclination angles Ij and the angles Ωj. It is convenient to transform the dependent variables according to pj = Ij sin Ωj and qj = Ij sin Ωj ,
so that the solutions take the form
where the phases γ k , along with the overall amplitudes, are determined by the initial conditions. The quantities I jk are eigenvectors, where we use the standard (but awkward) notation such that the first index j specifies the planet number and hence the components of the eigenvector and the second index k runs over the different eigenvectors. It is also useful to define normalized eigenvectors I jk and corresponding scaling factors T k such that
The initial conditions then specify the scaling factors through the expressions
The scaled eigenvectors I jk (which conform to the system's boundary conditions), the eigenvalues f k , and the phases γ k are sufficient to specify the time evolution of the orbital inclination of each body in the system, i.e.,
where the solutions pj(t) and qj(t) are given by equations (7) and (8). Implicit in this solution is the linear dependance on the interaction coefficients (the matrix elements given by equations [4] ). From this solution, we note that the inclination evolution has a linear dependance on mass ratio and a second order dependence on the semi-major axis ratio between the planet in question and each planet exterior to its orbit.
INCLINATION OSCILLATIONS DUE TO SELF-EXCITATION
The compact Kepler systems with four or more planets are tightly packed systems with minimal mutual inclinations. From this population, it appears that planets in multi-transiting systems generally have non-null values of mutual impact parameter, and subsequently inclination (Rowe et al. 2014) . Systems with non-null mutual inclinations exhibit non-parallel angular momentum vectors, allowing the possibility of excitation in inclination and other orbital elements. To test the magnitude of these excitations, we take the population of all Kepler systems with four or more transiting planets as examples of compact, multi-body, transiting systems. We obtain our data from the NASA Exoplanet Archive 1 , updating system parameters when newer values have been found (such as in the case of Kepler-296; Barclay et al. 2015) .
There are observational biases inherent in the Kepler systems, as a photometric transit survey is by definition more likely to find systems with low mutual inclinations and aligned argument of pericenters (Ragozzine & Holman 2010) . The Kepler multi-planet systems are likely more aligned and more compact in inclination plane width than an 'average' system, but the sample found by Kepler is representative of the type of system we would expect to see from photometric transit surveys range in inclination Although the inclinations of the planets generally stay within a plane, there is also instantaneous variation, which manifests as a range in the inclinations of plane of planets. This variation may lead planets to be knocked out of a transiting configuration. The mutual inclination, shown on the right panel, changes as planets precess, meaning that the width of the plane containing all the planets oscillates over time.
such as Kepler (Borucki et al. 2011) , K2 (Howell et al. 2014) , and TESS (Ricker et al. 2014) . It is not currently clear, however, whether the Kepler multi-planet systems that we do see in transit are CMT-stable or if we are catching them at a lucky moment in which all planets appear to be in transit. This differentiation is important because the former possibility describes a much less dynamically active system than the latter. To test the stability against exciting planets out of the transiting plane, we used the secular theory described in Section 2 to numerically evolve each system in the Kepler multi-planet sample for several secular periods. This procedure results in a measure of the spread in impact parameter ∆b(t) (see below). We also compute the probability that the system is mutually transiting, marginalized over all trials and realizations in our simulations. If ∆b(t) < 2 for an entire secular period and the probability of all planets transiting simultaneously for a random time-step in a random realization of the system is high (P (transit) > 0.85) then the system is said to be CMT-stable in a transiting configuration. Note that the condition of being CMT-stable against oscillating planets out of transit is much more confining that being dynamically stable against planet ejection. For a given Kepler system, we can use a Monte Carlo analysis to evaluate ∆b(t) not just once, but many times, with starting orbital elements for each realization selected from observationally motivated priors. For parameters that have been measured (for transiting systems, the radius of the planet rp and the semi-major axis ap, and sometimes the inclination Ip or eccentricity ep), we draw each planet's orbital element from a normal distribution with mean and standard deviation determined from observations. For orbital elements not measured, we draw a value from priors summarized in Table 1 .
Observationally measured inclinations have been fit from photometric light curves, and for these planets there is a degeneracy between angles over 90
• and under 90
• . The literature reports inclination angles as < 90
• , so when we use a literature measurement, we choose a value not only from that planet's measured posterior but also choose its orbit to fall above or below the midplane of the star with equal probability. For planets without measured inclinations, we choose a plane width from a Rayleigh distribution with width 1.5
• ), subject to the constraint that all planets must be transiting. This choice of distribution follows work done by Fabrycky & Winn (2009); Lissauer et al. (2011a) ; Fang & Margot (2012) ; Ballard
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Rayleigh distribution with width σ = 1.5 • & Johnson (2014). In these recent works, Rayleigh distributions with varying widths are used to describe the size of the plane containing the planets. The value we use here, 1.5
• , is within the range suggested by the work of Fabrycky et al. (2014) .
We note that the argument of the ascending node is not necessarily independent of the value of inclination angle as assumed here. As planetary systems evolve to attain nonzero inclination angles, modeled here by a Rayleigh distribution, the nodes will evolve into some other distribution, which should be characterized in future work.
Once we have the initial conditions for each Kepler system, we can evolve orbits as according to the secular theory described in Section 2. This must be done individually for each realization of initial conditions for each system.
Evaluating the Secular Behavior of the Compact, Multi-Planet Kepler Systems
A tightly packed, roughly coplanar system of planets will trade angular momentum as the system evolves (while keeping the total angular momentum vector of the system constant). The magnitude of this exchange determines the magnitude of the variations in orbital elements of each body. Equation (12) describes the inclination evolution for each body in a system. Once the inclination solutions for each planet in a system have been found using equation (12), a comparison between them (see Figure 1, which illustrates how the mutual inclination can change over time) yields a measure of the mutual inclination between Figure 2 . The parameterization of mutual impact parameter, as illustrated by test case Kepler-11. First, a plot of inclination for all bodies in a system (upper left) is generated by solving equation (12) with the initial parameters of the system as boundary conditions. The semi-major axis dependency is removed using equation (13), and the result, impact parameter over time for each planet, is shown (upper right). The inclinations attained by each planet result in vastly different impact parameters due to the differences in semi-major axis. Planets closer to the star can attain more inclination with less effect on their impact parameter. Finally, the range between impact parameters is calculated (lower right) as was done for mutual inclination in Figure 1 . The result is a measure of the range of the mutual impact parameter over time, ∆b(t). As long as this width describes a plane that lies entirely within the limbs of the star, the planets will be CMT-stable.
all planets in the system. This mutual inclination describes the width of the plane containing all the planets. As the condition for transiting is more rigorous than approximate coplanarity (even as planets' inclinations vary in concert, the planets with larger orbital separations are more likely to cease transiting), we remove the dependence on orbital and stellar properties by working in terms of impact parameter, b, which is defined as:
where j is planet number, a is the semi major axis, R * the radius of the central star, and I the inclination. When −1 < bj < 1, planet j will transit. Using the analytic expression for inclination evolution (Equation 12), we can describe the long-term behavior of not only individual planets but the range of their respective impact parameters. The process of extracting the mutual impact parameter ∆b is shown in Figure 2 . Using this technique, we explored the evolution of orbits for the entire initial condition parameter space for each Kepler multi-planet system. For a given system, we conducted 4000 Monte Carlo trials for each Kepler system, resulting in 4000 realizations of ∆b(t), with different initial conditions drawn from the observational priors, supplemented with the values in Table  1 . This sample can be used to calculate the mean range of the impact parameter over time for the Kepler system, as well as the width of the plane of planets in impact-parameter space.
We repeated this process of 4000 Monte Carlo trials for each for the 43 systems in our sample of multi-planet Kepler systems, resulting in a measure of the inclination evolution behavior for each system. Figure 3 visualizes the results of these trials, where each point represents the mean mutual impact pa- Figure 3 . For each multi-planet Kepler system, the parameters of the system were sampled 4000 times and evolved forward in time. The resulting inclination angles for the planetary orbits were converted to a mutual impact parameter (see text). The mean and scatter of these values are plotted here for each system as a function of the total mass of the transiting planets, given in earth masses. The dotted horizontal line indicates the level above which it is not possible to observe all the planets in transit.
rameter for a different Kepler system. Mean mutual impact parameter is the typical width of the plane containing all planets in the system, and must be smaller than the diameter of the star for all planets to transit. An impact parameter plane width of ∆b = 2, marked on the plot, is the upper limit for all planets in the plane to be transiting.
For each point in Figure 3 , the height of the point as compared to the transit limit (δb = 2) corresponds to the width of the plane containing all the planets. The scatter (represented by error bars) corresponds to the width of the distribution due to the variations between realizations. For all systems, the projected plane containing the planets is much smaller than the diameter of the star, which means we would expect to see all the planets in transit at for the majority of the secular history of the system. This parameterization represents the average behavior of each system over time. The plane width demonstrates how much range in impact parameter is normal for each architecture of system. However, we care about the transiting behavior of each system with respect to a single line of sight: that of the observer (Kepler) who originally identified the planets as mutually transiting. For example, it would be possible for a system's impact parameter range to be small enough for it to be possible for all planets to transit, but for the plane to be situated in such a location that only some planets transit. To understand how likely this is to happen, we plot in Figure 4 the mutual transit probability for each observed system as blue circular points. This probability is defined as the probability that a random time-step from a random realization, chosen from the sample of all 4000 realizations considered in the construction of Figure 3 , will have all planets transiting along the line of sight to Earth. A probability of 1 would mean that the planets never left a transiting configuration in any time-step in any of our simulations, while a probability of 0 means that the system was never mutually transiting in any time-step in any realization. Figure 4 shows that for the observed Kepler systems, all planets are expected to be transiting more than 85% of the time. Indeed, for most systems the probability of mutual transit is Figure 4 . For all realizations considered in Sections, 3.1, 3.2, and 3.3, we plot as circles the probability that a randomly chosen time-step from a randomly chosen realization will have all planets transiting along the line of sight to Earth. For the observed Kepler systems, all systems are mutually transiting more than 85% of the time. This result indicates that statistically the observed Kepler systems are seen in transit an overwhelming majority of the time. The generalized systems, plotted as crosses, are mutually transiting a much lower fraction of the time, as are Kepler-48 and -68, the observed currently non transiting systems.
even closer to 100%. This demonstrates that not only do we expect the Kepler multi-planet systems to have plane widths small enough to potentially be transiting (Figure 3 ), the majority of the time they should maintain these transiting configurations with respect to our line of sight (Figure 4) .
From an analysis of the results in Figure 3 and Figure 4 , it appears that while Kepler systems do excite mutual inclinations due to their dynamical interactions with each other (as their mutual impact parameters do change over time), the magnitude of these interactions are small enough that although an initially non-null mutual inclination exists, it remains, through the process of secular evolution, smaller than the threshold necessary for planets to not be observed in transit. From this, we can state that the observed Kepler systems are generally CMT-stable.
The Kepler systems with four or more planets do not exhibit sensitivity to self-excitation of inclination due to dynamic interactions between the inner, roughly coplanar planets. This result indicates that self-excitation (in the mode considered here) is not a dominant mechanism in knocking planets out a transiting plane and thereby creating tightly-packed systems in which only some planets transit.
It it important to note that the analysis of these observed Kepler system is limited by several factors: the measured mutual inclinations will be artificially low compared random systems drawn from the true distribution of planetary architectures, as these are systems with narrow enough ranges in inclination to be discovered in transit in the first place; the impact parameters of observed systems are likely artificially low due to the signal-to-noise bias against higher impact parameters; the deviation between measured planetary arguments of pericenter will also be artificially low (Ragozzine & Holman 2010) . These systems are not a representative sample of the true distribution of systems. As a result, the analysis presented here for the observed Kepler systems is not an analysis of the underlying planet population, but only of this particular class of heretofore discovered systems.
Inclination Oscillations in Generalized Kepler Systems
The Kepler systems that we see are observationally biased in that they likely have unusually low mutual inclinations and aligned arguments of pericenter (Ragozzine & Holman 2010 ).
As we have shown in Section 3.1, the observed Kepler systems are remarkably CMT-stable in their transiting configurations. We are not simply lucky to see these systems in transit, merely viewing them at an opportune time: instead, we are seeing systems that will likely be consistently transiting over many secular timescales. The Kepler systems are indeed a special class of system. It would also be interesting to compare their behavior with that of generalized Kepler systems, with a wider range of starting orbital parameters.
To construct these systems, we repeat the following process for each Kepler system in our sample:
• Generate a compact planetary system based on the target Kepler system. To do this, we draw each orbital parameter from an inflated distribution, treating measured 3σ errors as the width of our prior from which to draw orbital parameters. We convert radii to masses using the extended Wolfgang relation.
• We evaluate the system for dynamical stability using the Hill-radii criteria outlined in Fabrycky et al. (2014) . We compute the separation between two orbits (∆) in terms of their Hill radii:
when the mutual Hill radius is given by:
and for a system to be considered dynamically stable, ∆ > 2 √ 3 and for each pair of planets, ∆in + ∆out > 18 .
• If the system is dynamically stable according to these Hill arguments, we evolve the system and repeat the process for another set of starting parameters.
Once this process is completed for each Kepler system, we have a sample of analog Kepler systems, which are based on the observed systems but no longer exactly the systems that we observe. This sample allows us to compute the mean mutual impact parameter over time, just as we did for the observed Kepler systems in the previous section.
The result is shown in Figure 5 , which shows the same statistic plotted in Figure 3 computed from the generalized Kepler systems. For these generalized systems, the range of the impact parameter over time is higher, suggesting that the Kepler systems we observe are a particularly CMT-stable subset of the dynamically possible compact systems that could exist. Figure  4 shows as red crosses the mutual transit probability (over all time-steps and all realizations) for these generalized systems, demonstrating that the generalized systems spend significant amounts of time in non-mutually transiting configurations, as their plane widths imply they should. Figure 5 . For the generalized multi-planet Kepler systems, the parameters of the system were sampled 4000 times and evolved forward in time, just as in Figure 3 . The resulting inclination angles for the planetary orbits were converted to a mutual impact parameter (see text). The mean and scatter of these values are plotted here for each system as a function of the total mass of the transiting planets, given in earth masses. The dotted horizontal line indicates the level above which it is not possible to observe all the planets in transit.
Inclination Oscillations in Systems with
Non-transiting Planets
Long-term RV followup to systems with transiting planets has not only found masses for Kepler planets, but has also resulted in the characterization of additional, non-transiting companions to some transiting systems ). Additionally, transit-timing variation analysis (Agol et al. 2005; Holman & Murray 2005 ) has both confirmed masses of planets and provided additional candidate planets (Cochran et al. 2011; Hadden & Lithwick 2014) . The current state of these systems provides insight to their dynamical history: assuming that systems form from roughly coplanar protoplanetary disks, something in the evolution of these systems has resulted in sufficiently large spread in inclinations to prevent all planets from being seen in transit.
As shown in Section 3.1, the observed multi-transiting Kepler systems are CMT-stable against self-perturbation (mutual inclinations excited by dynamical interactions between the transiting planets). Furthermore, the generalized Kepler systems are more likely than not to be seen in mutual transit. For multiplanet systems with some planets transiting and additional nontransiting companions, something in the dynamical history of the systems has resulted in misalignment in inclination between the planets. This effect could be explained in one of many ways: it could be due to a difference in formation mechanism between the purely multi-transiting systems and the systems with some planets outside the transiting plane; it could be due to some other perturbation, such as an as-yet undiscovered stellar or massive planetary companion (a possibility beyond the scope of this paper); or finally, it could be due to the effect of self-excitation between all (known) planets in the system. Our analysis probes this final possibility, which would apply if all discovered planets (both those that are currently transiting and those that are currently non-transiting) in a system had started out roughly coplanar, in a potentially transiting configuration, and then through secular interactions some planets had been perturbed out of the transiting plane.
We can test this explanation for the currently observed misalignment of Kepler systems that have been discovered to have multiple transiting planets and additional, non-transiting companions using the same method that was used to evaluate the transit stability of the most tightly packed Kepler systems in Section 3. Two examples of systems of this architecture are Kepler-48 and Kepler-68. By starting the planets of these systems in transiting configuration, we force the starting conditions to be a roughly coplanar disk containing all the planets.
Kepler-48 (Steffen et al. 2013; Marcy et al. 2014 ) is a four planet system with three inner transiting planets and one nontransiting companion at more than 1 AU (a minimum mass 657 M ⊕ companion with a period of roughly a 980 day period). Kepler-68 (Gilliland et al. 2013 ) is a three planet system with two transiting planets and one non-transiting planet, also outside of 1 AU (with a minimum mass of 0.95 Mjup companion in roughly a 580 day period).
To evaluate the transit stability of Kepler-48 and Kepler-68, we performed the same Monte Carlo evolution described in Section 3.1, with all orbital parameters drawn from observationally constrained priors except inclination. Though the true orbital inclination of the outer planets in the Kepler-48 and Kepler-68 systems is not known, we choose the orbital inclinations for the giant outer planets in each system by drawing a mutual inclination plane width from a Rayleigh distribution with a width of 1.5
• (from Fabrycky et al. 2014 , which suggested a Rayleigh distribution width between 1.0
• and 2.2 • ). We constrain this choice of plane width such that the planets all start out mutually transiting, to mimic the starting conditions of the compact Kepler systems. With these starting conditions, we are probing what would happen to the observability of these systems over time, if they did start on feasibly observable architectures.
Through 4000 trials, Kepler-48 and Kepler-68 exhibited significantly more range in their mutual impact parameters than the other compact Kepler systems. Figure 6 plots the behavior of Kepler-48 and Kepler-68 overlaid on the previous result for the compact Kepler systems. Kepler-68's mean mutual impact parameter is well above the limit for a mutually transiting system, while Kepler-48 spends about 60% of its orbits in a transiting configuration (marginalized over starting parameters).
We treat Kepler-48 and Kepler-68 as isolated systems. In other words, in our experiments, the only perturbation available to excite oscillations in inclination is that of the interactions between known bodies in each system. Thus, by generating the mean mutual impact parameter over one secular period for these systems after they start in a transiting configuration, we can make a statement about the amplitude of self-excitation in these compact systems. As shown in Figure 6 , both Kepler-48 and Kepler-68 would be expected to develop significant mutual inclinations that prevent all planets from being seen in transit purely through excite self-excitations of inclination. Figure 4 shows as salmon points the mutual transit probability for these two systems, confirming that it is unlikely that the magnitude of the secular interactions would allow these two planets to be seen in transit.
This result indicates that even if these systems were to begin their secular evolution in a roughly coplanar configuration, they would be expected to self-excite sufficient oscillations to produce the current orbital state (where not all planets transit -we do not have sufficient limits on the observed inclinations Figure 6 . Kepler systems in which all discovered planets are transiting are plotted as black points (they correspond to the same data presented in Figure 3 ), while Kepler systems where additional non-transiting planets have been discovered are plotted as red points. Kepler-48, marked (Steffen et al. 2013; Marcy et al. 2014 ) is a four planet system with three inner transiting planets and one non-transiting companion outside of 1 AU. Kepler-68 (Gilliland et al. 2013 ), marked, is a three planet system with two transiting planets within 0.1 AU and one additional non-transiting planet at 1.4 AU.
to make a stronger comparison). Kepler-48 and Kepler-68 are examples of systems that 'make sense' dynamically: it is not required to add additional effects (such as a perturbing companion or stellar flyby) to their systems to explain their current non-transiting nature. It is important to note that the outer planets in these two systems are significantly external to the standard compact systems described in Section 3.1, which generally fell within 0.5 AU of their host star. Kepler-48 and -68 have outer companions at roughly 1.4 and 1.8 AU, respectively. It is possible that part of the reason for the activity of these systems is the lower transit probability of these outer companions, but the presence of Kepler-90 (which has an outer companion semimajor axis of roughly 1 AU) in the CMT-stable sample indicates that external companions do not ensure non-transiting configurations.
Comparison to Numerical Integrations
The discussion thus far has considered inclination oscillations as described by second-order Laplace-Lagrange theory. Although the amplitudes of the oscillations are small, so that the second order theory is expected to be accurate, in this section we compare the results to numerical simulations. These latter calculations, by definition, include interactions to all orders.
For these compact systems, eccentricity and inclination are generally low, but to evaluate the error inherent in our secondorder expansion, we evolved each compact system using hybrid symplectic and Bulirsch-Stoer integrator Mercury6 (Chambers 1999). The numerical integrator should provide the effectively 'right' answer, and significant deviations between the second-order theory and numerical results would indicate that second order secular theory is insufficient to describe the evolution of the orbital architectures. We compared 400 numerical N-body realizations with 400 secular evolutions (see the visualization of one realization of the comparison in Figure 7 ) to compute the deviations plotted in Figure 8 , which describe the mean deviation, in degrees, between secular theory and the numerical results. This comparison yielded a standard deviation of the difference in inclination angle obtained using secular theory and numerical results; this value was found to be less than 0.01
• .
For our use of second order second theory to be adequate for further analysis, we would want this variation between the numerical result and secular result to be much smaller than the threshold for significant inclination (which can cause a planet to become non-transiting). The planet in our sample with the largest semi-major axis and largest number of planets in the system, Kepler-11g, orbits a star with a radius R * = 0.0053 AU. This planet would need to attain an inclination of 0.65
• out of the plane of the other planets to no longer transit. Planets with semi-major axes less than this value would need an even larger range of inclinations to be no longer seen as mutually transiting. Given that the typical deviation between the Mercury6 numerical results and secular theory is less than 0.01
• , the match between secular theory and N-body numerics is good enough to use the second order secular theory for these compact systems.
We additionally note that although there is variation in the period of secular effects between numerical and secondorder secular theory (Veras & Armitage 2007) , this does not affect our result, as we are concerned with the amplitude rather than period of inclination oscillations, and these amplitudes are well-predicted to a reasonable precision. If we were concerned with the exact period of secular effects, second-order LaplaceLagrange theory would not always be sufficient.
Finally, for completeness we note that the standard deviation of the residuals between the secular and numerical results is not the only measure of the difference (e.g., one could use the difference between the ranges of inclination angles instead). In this case, however, the differences between the two approaches is small: The differences would have to be nearly 100 times larger in order to change our main conclusion, i.e., that the Kepler compact systems remain CMT-stable. 
TRANSIT DURATION VARIATIONS
Oscillations of the orbital inclination angles, as described in secular theory through equation (12), result in planets taking different paths across the face of the star as a function of time. These changing chords, in turn, result in the duration of the planetary transit varying with inclination and hence with time. For the case of vanishing eccentricity, we can write τT , the time from first to fourth contact (the transit duration) for a single transit analytically (see Seager & Mallén-Ornelas 2003) , in the form
where we have defined the effective angle
where P is the period of the planet, a is its semi-major axis, R * the radius of the central star, rp is the radius of the planet, and i is the inclination of the plane; note that the inclination angle is a function of the time t at which the duration is evaluated (so that the duration will also be a function of time). We also assume that orbital elements are effectively constant during a single transit, but that variations occur from transit to transit. Substituting equation (12) into this expression then yields a measure of the transit duration, τ , at any point during a planet's secular evolution. The second order secular theory used in this work computes motions with the evolution of inclination decoupled from that of eccentricity, so the null eccentricity approximation for extracting transit durations from our derived transit parameters is sufficient. A product of our stability study of the Kepler systems is time series of I(t) and subsequently ∆b(t). From these expressions, we can compute the times series τT (t), evaluated at each transit epoch for each planet in a system. Thus far, observational study of secular TDVs has been limited by two main factors: (1) the signature of TDVs caused by even massive planets is generally small due to small yearly changes in inclination and eccentricity, and (2) to find TDVs to good precision, the cadence of photometric measurements must be high enough such that durations can be extracted from individual transits. Through TTVs can been used to determine dynamical quantities of multi-planet systems with good success (Agol et al. 2005; Holman & Murray 2005) , TDVs in multi-planet systems are generally as much as several order of magnitude smaller in amplitude (see, for example, Figure 4 in Nesvorný et al. 2013 , which demonstrates the difference in amplitude between a TTV and TDV signal for one system). However, there has been recent success measuring the amplitude of planetary TDVs (Eibe et al. 2012) . Since transit duration depends on the chord a planet takes across its star in our line of sight and oscillating inclination can directly change this chord, secular interactions exciting inclinations will also lead to potentially observable transit duration variations.
Transit duration variations are thought to be one of the few (but currently feasible) promising ways to find moons around extrasolar planets (Kipping 2009) , as the perturbing effect of a moon would alter both the time of center transit and the duration of said transit for a transiting planet. Secular TDVs can also be used to constrain the oblateness of the central body, which has been done observationally for the KOI-13 system (Szabó et al. 2012) . In this context, the stellar oblateness leads to precession of the orbital elements and thereby mimics the effects of secular interactions among multiple planets (see equation 3, which depends on the stellar oblateness J2). In order for TDVs to be a useful method to detect exomoons or measure stellar oblateness, the amplitude due to these effects must be large compared to the intrinsic variation which we determine here. We also note that TDVs are now being compiled from the Kepler data (Mazeh et al. 2013) , with more data expected in the near future. The time series τT (t) yields two useful measures: first, it yields the transit duration variation rate, which can be parameterized as δτT,t, the change in duration per unit time (in Table 1 , we parameterize this as as a variation per year. For example: a TDV of 1 sec yr −1 would mean that over one year, the expected duration would change by one second, regardless of when or how frequently the transits occur). Second, it yields the duration variation per orbit, δτT,n, which can be directly compared to the magnitude of other effects that can also cause TDVs. Both of these measures provide useful constraints on the properties of the system: the yearly TDVs provide approximate limits for the signal due to secular interactions between planets only. The duration variation per orbit allows for a fit to a series of durations over time, where:
where n is the number of orbits observed. If this is done, then variation accumulates as (∆τT ) = δτT,n n when (∆τT ) is the total change in duration over an extended baseline of time. In this case, when the time series contains N independent measurements, the precision in fitting δτT,n, as given in Equation Table 2 . This histogram includes only compact mutually transiting systems with four or more planets (Kepler-37, -48, and -68 are not included).
(18), is increased. The uncertainty scales like σ ∝ N −3/2 , with one factor of N −1 being due to the number of observed transits, a factor of N −1/2 being due to the independent nature of these observations (as used in Pál & Kocsis 2008) . In this way, a large number of transit duration measurements can better constrain the TDV per orbit than would be possible looking at yearly drift alone using two widely separated transits (see Figure 3 in Szabó et al. 2012 , which is the first example of observed long-period TDVs of the type we would see for secular interactions considered in this work).
The effect of secular interactions between planets in a multi-planet system can occlude observations of other parameters traced by transit durations (such as the presence of exomoons or solar oblateness), but it can also provide evidence for additional planets in the system, as non-transiting planets contribute to the duration variations even if they are not directly observable.
In Table 2 , we present expected yearly TDVs for each planet considered in this work. These values are also presented in histograms in Figure 9 . Though these values are small because the yearly change in inclination for each planet is very small, they provide limits for the kind of TDVs expected in the observed Kepler multi-planet systems without the presence of a perturber. The presence of a perturbing secondary in any of these systems would lead to transit durations outside the expected range. For example, circumbinary planets can exhibit TDVs on the order of hours (such as for Kepler-47, as in Welsh et al. 2014) . For exomoons, the TDV amplitude is expected to scale with Msa −1/2 s , when s denotes a satellite (Kipping 2009 ). This amplitude is typically on the order of tens of seconds, being 13.7 seconds for the Earth-Moon system (Kipping 2011) . In comparison, typical values for the secular interactions within a compact system are a bit smaller (being typically between 10 −2 − 10 1 seconds per orbit). Significant deviation in transit durations above these predicted values would suggest the presence of an additional effect (perturbing planet, extreme solar oblateness, exomoon, etc.) in the system. The range of transit duration variations summarized in Figure 9 thus serves as a baseline of the expected TDV distribution for tightly packed, coplanar, multi-planet systems.
PLANETARY MASS CONSTRAINTS
The observed current coplanarity of the Kepler multi-planet systems is a stringent constraint on the planets' orbital properties. For most of the planets in the Kepler system, the ratio Rp/R * is well-known. Combined with a value of the stellar radius (determined from either spectroscopy or interferometry), this value yields a measure of the planetary radius.
To perform a dynamical analysis, these measured radii must be converted to mass. Although some Kepler planets have masses measured via long-term radial velocity surveys , the population of four-plus planet systems generally do not have measured masses due to the difficultly of measuring masses for small planets in multi-planet systems. Much recent work has been conducted aimed at finding a mass-radius relationship for exoplanets (Wolfgang & Laughlin 2011; Weiss & Marcy 2014; Rogers 2015) . When testing the CMT-stability of the compact Kepler systems, we use a supplemented version of the Wolfgang relation (Wolfgang et al. 2015) . This relation introduces a large amount of scatter in density for planets that could be gaseous or rocky, which is useful for exploring the entire extent of parameter space in which the real planets could be living. However, another question that the apparent relative CMT-stability of the Kepler systems engenders is the effect of systematic mass enhancement (which could be due to an incorrect measurement of the stellar radius, as in Muirhead et al. 2012 , in which the correction of such a misconception can be found). To test the effect of such systematic radius errors, we will inflate the masses of the constituent planets in the Kepler compact systems and examine the dynamical and CMT-stability of the systems.
For this experiment, we make a different choice in converting radii to masses: we use conversion law MP = M ⊕ (RP /R ⊕ ) 2.1 inferred from results of the Kepler mission (Lissauer et al. 2011a) . Using this relation removes the scatter due to composition, enabling a qualitative study of the general stability status of the Kepler multi-planet systems, without noise from differing compositions between trials.
Determining the effect of planetary mass enhancement with respect to roughly estimated values would help determine if the parameter space of CMT-stable systems (which we have shown includes all the systems in our sample) changes if the planetary masses are systematically underestimated. To determine the extent of this parameter space, we evaluate the dynamical stability of the Kepler systems with varying mass enhancement factors, which places constraints on the maximum ratio by which the masses can be enhanced without losing the currently observing transiting configuration of the systems.
To evaluate the effect of having larger planets in each system, we performed 40 numerical simulations of each system using Mercury6 for each mass enhancement factor. The integration time for each system was 10 6 dynamical times. This full treatment accounts for effects ignored in the secular theory such as the coupling of eccentricity and inclination, and instabilities due to orbit crossing or other effects. A mass enhancement factor describes the factor by which we increase all planetary masses within a single system. Although we alter the masses of the planets, we do not alter starting semi-major axes. The systems for each enhancement factor were created using observationally constrained orbital parameters supplemented with orbital parameters drawn from the standard priors (see Table  3 ). When a system remains CMT-stable for the entire time, this means that it is observable in transit and the system as a whole does not go dynamically unstable (e.g., by ejecting a planet).
There are two potential causes of instability in these systems. First, increased inclination oscillations can cause a some planets in a system to lie outside a mutual line of sight, even as a system remains dynamically stable. For the purposes of our analysis, we consider this to be an CMT-unstable system. Second, true dynamical instability (in the form of ejected/starconsumed planets or orbit crossing) also results in an CMTunstable system. When either of these criteria (large inclination oscillations or true dynamical instability) is met for a certain mass enhancement factor, we categorize that system as unstable.
We parameterize the dynamical fullness of a system in terms of the surface density of a disk consisting of the mass of its constituent planets spread over an annulus with an inner radius equal to the semi-major axis of the most interior planet, and an outer radius equal to the semi-major axis of the most exterior planet:
where n is the number of planets in a system, a is the semimajor axis, m is the planetary mass, and i denotes the planet number.
In Figure 10 , we plot the mass enhancement factor required to make a system CMT-unstable against the the surface density of the planet annuli. This plot is essentially a comparison of the dynamical fullness of the system (surface density) to the stability against excitation (mass enhancement factor required to knock a system out of transit). The observed result appears to intuitively support that a higher surface density of material leads to a less CMT-stable system (for which a lower mass enhancement factor can excited oscillations out of the plane). The large scatter of the data could also be explained by the existence of two distinct populations (one containing the disks where planet surface density is below 200 M ⊕ / AU 2 , and another where the M disk /M * Figure 10 . The mass enhancement factor required to knock a system out of a CMT-stable transiting configuration, plotted by the surface density of the annulus containing all the planets (which is defined in Equation  19 ). The points are shaded based on the ratio of the total planet mass to stellar mass (M disk /M * ). The shape of the trend can be explained two ways. It could be explained by the existence of two distinct populations (one containing the disks where planet surface density is below 200 M ⊕ / AU 2 , and another where the density is above 200 M ⊕ / AU 2 , where the former are significantly less sensitive to mass enhancement), or it could be explained as a monotonic (but high-scatter) decreasing trend with surface density.
density is above 200 M ⊕ / AU 2 , where the former are significantly less sensitive to mass enhancement).
For many systems with a surface density Σ > 200 M ⊕ / AU 2 , hot or warm Jupiter-like planets would be CMT-stable even in a multiple-planet system. This finding suggests that Jovian-size planets can exist in tightly-packed multi-planet systems with semi-major axis similar to those of the discovered Kepler systems (although this result holds only for Myr timescales, as discussed below).
The mass enhancement factor required to render the systems CMT-unstable may seem higher than expected. On one hand, the integrations are carried out for only 10 6 dynamical times, which generally works out to be a few million years, which is short compared to the system ages. The critical enhancement factor appropriate for the ages of the systems are thus lower, but we assume here that the short-time values provide a good relative measure of stability. On the other hand, these systems are in CMT-stable configurations, even though their surface densities are much larger than that of out solar system (the analogous value for our solar system is 0.49 M ⊕ / AU 2 ). For comparison, we note that the GJ 876 system (one of the most dynamically active systems discovered to date) has a surface density Σ = 2750 M ⊕ / AU −2 , which is much larger than the systems considered here.
CONCLUSIONS
This paper has explored the dynamics of compact solar systems undergoing oscillations in their orbital inclination angles. If such oscillations occur with sufficient amplitude, then not all of the planets in a multi-planet system are expected to transit at a given epoch. By comparing the conditions required for the excitation of inclination angles with the observed properties of compact multi-planet systems, we can put constraints on their dynamical history. In this work, we have provided measures of ∆b(t), the spread in impact parameters, and characterized the potential dynamical history of compact extrasolar systems. We have also utilized our method to test the dynamical and CMT-stability of a small sample of systems with additional non-transiting planets. From our derived ∆b(t), we have extracted subsequently the expected TDVs for observed systems in the case that these systems have no additional non-transiting companions. Finally, we have explored the effect of enhancing the mass of planets in these tightly packed systems, with an aim at determining how robustly the transit stability holds as planetary masses increase.
We have done this analysis by examining the multi-planet Kepler systems with the greatest number of transiting planets and analyzing their long-term stability, using a combination of secular (Sections 3, 3.3, and 4) and numerical techniques (Sections 3.4 and 5). Using the Kepler systems with the greatest number of transiting planets as our sample, we derived ∆b(t) for each planet using Monte Carlo techniques to marginalize over potential values of present orbital elements. We have determined that the compact Kepler systems are CMT-stable against being excited into non-mutually-transiting configurations.
Compact solar systems could have configurations that allow for a significant spread in the orbital inclinations through secular interactions between the constituent planets (Section 3). However, for the types of architectures observed in the Kepler sample of multi-planet systems, the expected range of inclination angles is almost always small. As shown in Figure 3 , the typical spread in the mean mutual impact parameter is typically less than ∼ 0.5, whereas impact parameters greater than 2 are required for planets to move out of transit. This result can also be expressed in terms of inclination angles: self-excitation generally produces ∆i < ∼ 0.5
• , whereas angles of 1 -2
• are required to compromise transit in these compact systems. As a result, for most of the systems discovered by the Kepler mission, the self-excitation of inclination angle oscillations is generally not large enough to prevent planets from being observed in transit.
We have also tested the behavior of generalized Kepler systems. For these generalizations, we drew orbital parameters for each system from expanded but observationally inspired posteriors, then tested the dynamical stability. For dynamically stable analogs, we proceeded with the analysis used for the observed Kepler systems. We found that the generalized systems are experience significantly more action in mutual impact parameter excitation, resulting in these systems being on average less CMT-stable than the observed Kepler systems. The observed Kepler systems are remarkably CMT-stable, even compared to their analogs.
Our derived result that self-excitation of inclination angle oscillations is generally not large enough to prevent planets from being observed in transit holds for the Kepler systems, but not their analogs; even then, it has an important exception. We have also considered another type of Kepler system that contains 2 or 3 transiting planets and an additional planet not seen in transit (where the additional body was discovered by radial velocity follow-up). Kepler 48 and Kepler 68 are examples of this type of system. These systems are CMT-unstable to significant oscillations in inclination angle, so that the expected spread in inclination angle is generally large enough to move planets out of transit. We found this result by secularly evolving these systems after starting them in a nearly coplanar configuration.
Even starting roughly coplanar, the magnitude of these systems' self-excitation is large enough that not all planets can be seen in transit simultaneously for most of each system's orbital history. This finding indicates that the current Kepler systems with nontransiting companions could have started roughly coplanar and subsequently had some of their planets excited out of the plane via dynamical interactions between the planets that we know about. Specifically, it is not necessary to introduce additional bodies into these systems to recreate the currently observed architectures.
We have focused on the secular interactions of compact systems of planets, and derived observables corresponding to the current known properties of these systems. These observables, the transit duration variations for Kepler systems with the observationally determined properties, are given in Table 2 . Implicit in the motivation behind the calculation of these TDVs is the idea that there could be additional bodies in the systems we are considering, leading to true TDVs deviating from those that we have found here. An additional massive companion or an exomoon, for example, could cause transit duration variations with a larger amplitude than those derived in this work. If future observations of TDVs in these systems are vastly different than expected, it could potentially be evidence for either an exomoon or additional, exterior, non-transiting bodies in these compact systems.
We have also explored the effect of planetary mass enhancement in these systems. The stability of systems is related to how much the constituent planets' masses must be enhanced to result in a system that will no longer mutually transit. Generally, systems with higher effective surface density (calculated by spreading the mass of discovered planets within an annulus with inner and outer radii equal to the inner and outer planet's orbital radii) do not allow mass enhancement factors as high as those with lower surface density. This result suggests that dynamically 'full' systems would not be mutually transiting if they hosted Jovian-mass planets. However, some systems with lower surface densities would be CMT-stable in a transiting configuration even with Jovian-mass planets (at least over time scales of ∼ 10 Myr), indicating that it might be possible to see multitransiting compact systems with Jovian-mass planets if they existed. The stability boundaries -over longer time scalesshould be explored further in future work.
Spreads in the inclination angles in compact systems can be produced by a variety of astronomical processes, in addition to those considered in this work. Excitation by the compact solar system planets themselves (with semi-major axes a < ∼ 0.5 AU) is not generally a significant effect, but we have not (yet) calculated the effect caused by possible additional bodies in the outer part of the solar system (where a ≈ 5 − 30 AU). Since planet formation is a relatively efficient process, the additional giant planets, not seen in transit by Kepler, are not only possible but likely. The orbits of these outer planets can be endowed with high inclination angles through a variety of dynamical mechanisms. For example, most solar systems form within clusters, and inclinations can be excited through dynamical interactions between solar systems and other cluster members (Adams & Laughlin 2001; Malmberg et al. 2007; Adams 2010; Li & Adams 2015) . In addition, a range of inclination angles can be realized through the formation of planets in warped disks. The observed angular momentum vectors in star-forming cores do not point in the same direction as a function of radius (Goodman et al. 1993; Caselli et al. 2002) . This heterogeneity can lead to differences in angular momentum vector of the disk plane as a function of radius (for disks produced through collapse of the cores), which in turn will influence the inclination angles of forming planets (see also Spalding et al. 2014) . These various mechanisms can lead to inclined, massive, outer secondaries to the compact systems that we have considered in this work. The presence of such secondaries would alter the stability of these systems, and this effect could be evident in the TDVs. Additionally, it is possible that a system of planets would have only some planets mutually transiting, instead of the condition of all planets in a system transiting that we have considered in this work. For example, although we see four planets in a system discovered by Kepler, it is possible that another short-period companions exists in such a system, resulting in our picture of the system being incomplete. Extensions on our calculation that account for this possibility could potentially be explored by using techniques such as the semi-analytical code CORBITS (Brakensiek & Ragozzine, 2015) .
In summary, we have determined that self-excitation is not usually a dominant mechanism in exciting mutual inclination in tightly packed, multi-planet systems. Self-excitation does operate in some solar system architectures, where Kepler-48 and Kepler-68 are prime examples. Subsequent analysis of the effect of perturbing secondaries and stellar fly-bys in a dense cluster environment will complete the picture of how and when mutual inclinations are excited in exoplanetary systems. Table 2 . Predicted values of the transit duration variations (TDVs) for the current sample of Kepler compact systems containing only the planets that have been discovered so far. Duration variations are presented both per orbit as well as per year. Errors are typically on the order of 1% of reported values, but are not reported for brevity.
